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It is shown that if H is a connected, locally contractible, separable, topologically complete 
metric space with the property that mappings of separable metric spaces into H are approximable 
by imbeddings (in particular, if H is Hilbert space), then every sigma-compact, nowhere locally 
compact metric space can be densely imbedded in H. 
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1. 
The obvious necessary conditions for a metric space to be densely imbeddable 
in Hilbert space are separability and nowhere local compactness. It is an open 
question whether these conditions are sufficient (see Section 3). In this paper we 
construct dense imbeddings of a-compact spaces into Hilbert space. The theorem 
below is stated in terms of those general properties of Hilbert space which are used 
in this construction. 
Definition. A separable metric space H is strongly universal if all mappings of 
separable metric spaces into H can be arbitrarily closely approximated (with respect 
to open covers of H) by imbeddings. 
Of course, Hilbert space is strongly universal (for a more comprehensive result, 
see [l]). 
Theorem. Let Hbe a connected, locally contractible, separable, topological/y complete 
metric space which is strongly universal. Then every cr-compact, nowhere locally 
compact metric space can be densely imbedded in H. 
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Corollary. A metric space can be imbedded as a dense crZ-set in the Hiibert cube if 
and only if it is u-compact and nowhere locally compact. 
2. 
Let X be a g-compact, nowhere locally compact metric space, and let (H, d) be 
a complete metric space satisfying the hypotheses of the Theorem. Since H is 
connected and locally connected, we may assume that all open metric balls N(y ; E) 
are connected. (Otherwise, replace d by the equivalent complete metric d*, defined 
by 
d*(y, y’) = inf{diamdM: y, y’~ A4 c H and M is connected}. 
It is easily verified that open balls with respect to d* are connected.) We say E c H 
is an e-net for H if N(E; E) = H. 
Since X is cr-compact, there exists a countable collection P = {(K,, Cm): n zz 1) 
of pairs of non-empty, disjoint closed subsets of X such that: 
(1) each K,, is compact; 
(2) for any neighborhood N(x) of a point x, we have x E K,, c X\C, c N(x) for 
some n. 
(Consider a countable open base {Bi} for X, and write X = lJf Xi, each Xi 
compact. We obtain the collection P by considering the pairs (Xi fl Bj, X\BI,), where 
Bj c Bk.) 
By imbedding a compactification of the nowhere locally compact space X into 
the universal space H, we obtain an imbedding ho:X+H such that hO(X)\ho(X) 
is dense in ho(X). We will inductively construct sequences of open subsets Y,, of 
H, imbeddings h, : Y, + H, and positive constants E” such that: 
(i) Y. 3 hnml * * - ho(X); 
(ii) d(h,, id) c 7&,-i/16 (for n > 1); 
(iii) cn <&,-i/16 (for n > 1); 
(iv) en c d(h, . . - ho(K,), h, - - - ho(G)); 
(v) h, - - * ho(X) contains an .c,/32- net for H; 
(vi) h, - - - ho(X)\h, * * - ho(X) is dense in h, * - - ho(X). 
Conditions (i), (ii) and (iii) show that h =lim,,m h, - - * ho defines a map of X 
into H. Condition (iv) implies that d(h(K,,)), h(C,)) ~e,/15; it follows that h is an 
imbedding. Condition (v) implies that h(X) contains an E,,- net for H, and is therefore 
dense in H. Condition (vi), an expression of the nowhere local compactness of X, 
is used in the induction argument. 
The imbeddings h, will be chosen as approximations to compositions of certain 
engulfing maps, obtained in the following manner: 
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Lemma. Let H be a locally contractible metric space. Let X c H, let z E~V(, and 
let Q : [0, 00) --, H be a map with a (0) = z. Then for every neighborhood N of z, there 
existsa mapf:H\{z}-,Hsuch that: 
(a) f is supported on N\(r); 
(b) f (N\(z)) c N U im a! ; 
(c) f(X) D{(cr(i): i = 1,2, . . .}. 
Proof. Let V = N(z ; E) be an open ball about .z which contracts in N, and let 
8 : V x [c/2, E]+ N be a contraction, with ,9(u, E) = u and 19(v, e/2) = z for each u. 
Choose a sequence {xi} in X converging to z, such that e/2 > d (xl, z) > d(xZ, z) > 
. . . . Let r : (0, e/2]-, [0, a) be a map such that r(e/2) = 0 and r(d(xi, z)) = i for 
each i. Then the desired map f: H\(z) + H may be defined as follows: 
Y? ifd(y,z)a&; 
f(y)= B(y,d(y,z)), ifE/2~d(y,z)<E; 
1 ak(d(y,z))), ifO<d(y,z)<e/2. 
We now proceed with the details for the inductive construction. 
Initial Step (n = 1). Choose et such that d(ho(K1), ho(C1)) 2 2.5 1. Let z E 
ho(X)\h,(X), with d(z, ho(K1)) s cl; choose a neighborhood N(z) c N(z ; E 1) such 
that N(z) is disjoint from h,(K1). Then N(z) is also disjoint from ho(C1). Let 
a:[O,~0)-,Hbeamapsuchthatcu(O)=tand{cu(i):i=l,2,...}isan~~/64-net 
for H. Then there exists an engulfing map f : H\(z) + H such that f is supported 
on N(z)\(z) and f(h,,(X)) ~{(a(i): i = 1,2,. . . }. 
Set Yr = H\(z), and let h,: Y1+H be an imbedding such that d(hl, f) c&,/64. 
Since f restricts to the identity map on both ho(K1) and h,(C*), it follows that 
Also, hIho contains an &r/32-net for H. Finally, hlho(X)\hlho(X) is dense 
in hIho( since ho(X)\ho(X) is dense in ho(X) and hl is an imbedding of the 
open set Y1 3 ho(X). 
Induction Step. Suppose imbeddings hi : Yi + H and positive constants ei have been 
defined, for i <It, such that the conditions (i)-(vi) are satisfied. Choose E,, se,_r/16 
such that 2~” sd(h,_l - . - ho(&), hnel * * . h,(G)). 
Every e-net for H contains, for each S > 0, a discrete (e +S)-net. (Consider a 
locally finite cover of H with mesh less than S, and in each member of the cover 
choose a point of the e-net, if one exists). Thus hndl * * * ho(X) contains a countable 
set D which is a discrete &,-r/16-net for H. Let 
E = {x ED: N(x; &,-t/16) fl N(h,_l * . - ho(K,,); 2~“) =0}. 
Let Fc h,_l * * - ho(&) be a finite &,-net for h,-1 * * * ho(K,,). Note that E and F 
are disjoint, and E UF is discrete. For each x E E, define V(x) = N(x; &,-r/16), 
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and for each y E F, define 
u(Y)=N(Y;3~")UUvJ( x; e,-i/16): x ED andN(x; e,_i/16)flN(y; 3~,)#0}. 
Then the collection of all such sets U(X) and U(y) forms an open cover % of H 
by connected sets. 
Replacing each point of EUF with a nearby point in 
. . MW\hn-1 . . . h,(X), such that each point of 2 is within e,/2 of its 
correspondent in E U F. Each z E Z therefore lies in the corresponding element of 
Q; let Uz denote this element. Choose a collection {N(z): z E Z} of neighborhoods 
such that each N(z) c N(z ; tzn/2)\hnd1 . . * ho(&), and such that {N(z)} is a 
discrete collection. Then each N(z) lies within U,, and if z corresponds to a point 
of F, N(r) is disjoint from h,_l * . * ho(Cn). Let G be a countable e,/64-net 
for H. For each z EZ there exists a map CY: [0, CO)-, C: such that (Y,(O) = z and 
{a,(i): i = 1,2, * . a} = G fl U,. 
Combining engulfing maps supported on the deleted neighborhoods N(z)\{z}, 
we obtain a mapf:H\Z +H such that: 
(a) f is supported on U{N(Z): z E Z}\Z; 
(b) f(N(z )\{z}) c Uz for each z ; 
(4 f&,-l . . * ho(X)) = G. 
We claim that d(f, id)s 3c,_i/8. Consider p E N(z)\(z); then f(p) G U,. If z 
corresponds to a point x E E, then U, = U(X) = N(x ; .5,-J 16), and since N(z) c U,, 
we have 
If z corresponds to a point y E F, then U, = U(y) c N(y ; 3~” +&,-i/S), and since 
N(z)=N(z; e,/2)cN(y; E”), we have 
8 c,_J4 + ~,,_,/8 = 3&,-,/S. 
We also claim that d(fh,_l * . . ho(&), fhn-l . * * ho(G)) 2 26,. Recall that en was 
chosen so that d(h,_t * - - h,(K), h,-1 * * - ho(C’,)) 5 2~". Since each N(z) is disjoint 
from hnel * - * ho(&), f restricts to the identity map on this set. Consider p E 
h,_l a. . h,,(C,), and suppose that p E N(z) for some z. Then z must correspond to 
a point XEE. We havef(p)EU, =U(x), and U(x)flN(h,-1 **a hdKn);2s,)=8. 
Thus in any case d(hnml . . . ho(&),f(p)) 22~~. 
The induction step is now completed by setting Y, = H\Z and taking h, : Y, + H 
to be an imbedding such that d(h,, f) =S &,/64. 
The corohary to the theorem follows by taking H to be the pseudo-interior 
flf (-1,l) of the Hilbert cube Q = n: r-1,1], since every o-compact subset of 
the pseudo-interior is a uZ-set in Q. This result in the zero-dimensional case was 
given in [2]. 
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Consider any separable, nowhere locally compact metric space X, and a com- 
pactification K of X. Then K has no isolated points, and K\X must be dense in 
K. Hence Xc K\D, for some countable dense subset D of K. Clearly, K\D is 
nowhere locally compact. Thus, in attempting to construct dense imbeddings of 
separable, nowhere locally compact spaces into Hilbert space, it suffices to consider 
the topologically complete spaces of the type K\D. Of course, such spaces cannot 
be densely imbedded in first-category spaces, so the present result for cr-compact 
spaces cannot be applied to the more general problem. 
In particular, if D is a countable dense subset of the Hilbert cube Q, we do not 
know whether Q\D densely imbeds in Hilbert space. If the answer is affirmative, 
then a separable, nowhere locally compact metric space densely imbeds in Hilbert 
space if (and only if) it densely imbeds in Q. The question of which spaces can be 
densely imbedded in Q was raised in [3]. 
Among the many examples of topologically complete spaces which can be densely 
imbedded in Hilbert space are the irrationals, the product of the Cantor set and 
Hilbert space, and all Hilbert space manifolds. 
H. Torunczyk has shown that the complement in the Hilbert cube of a countable 
dense subset is densely imbeddable in Hilbert space. 
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